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Abstract— Several approaches have been used to obtain
results on the stability of S-Iteration, Thiawan iteration and
Picard-Mann iteration when dealing with different classes of
quasi-contractive operators. In this paper, we established the
stability analysis of S-Iteration, Thiawan iteration and
Picard-Mann iteration using Simeon Riech contractive
condition. Moreover, the aforementioned iterative schemes
were shown to be T- stable.
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I. INTRODUCTION
Let X be a normed linear space and T is a:function
mapping X to itself. Suppose x, € X andx,,,; =
f(T, x,) are iterative procedures which yields a sequence
of points {x,,} in X. Let F(T) ={x €X:Tx = x} + @ and
that {x,}m—, converges strongly to p € F(T). Suppose
{yutmo is a sequence.in Xoand {€,,} is a sequence in
[0,0) givenby €, = l¥n+1 — f(T, 7).
If lim,,_, & €, implies’lim,,_,,, ¥, = p, then the iteration
procedure defined by

Xpa1 = (T, x0)

is said to be T- stable or stable with respect to T. If
2n=0€n < ©

procedure is said to be almost T —stable. Clearly, any T-

implies y, = p, then the iteration
stable iteration procedure is almost T —stable, but the

converse may not necessarily be true.See [1-3, 5, 6 & 10].

Il:,. RESEARCH METHODOLOGY

Let (X, d)/be.a metric space, T a self- map of X with
Fr =Ax €X: =x }# @ and consider a fixed point
iteration procedure, that is, a sequence {X,}n—o
defined by x, € X and
Xnt1 = f(T,xn), n=1,2,3,- (D
where f is a function.
Definition. 1
@) S-Iteration is defined as:
fT,xn) = (1 = an)Tyn + anTyn,
where  y, = (1 = Bp)xn + BuTxn,
{antn=o and {Bnlnzo < [0,
1] )
(i1) Thaiwan defined the following iteration:
f(T,xn) = (1 = an)yn + anTyn,
where  y, = (1 = Bp)xn + BuTxn,
{antn=o and {Bnlnzo < [0,

1] 3)
(iii) Picard-Mann iteration is defined as
f(T,xp) =Tyn
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where y, = (1 —a,)x, + a,Tx,, and

{antn=o <10, 1] 4

Definition 2 (Simeon Riech Contraction mapping)
Let T be a complete metric space with distance
function d and T is a function mapping X into itself,
the following contractive type of mapping holds:

If there exists non-negative numbers a, b, ¢ satisfying
a+ b+ c <1 such that for each x,y € X, we have
d(Tx,Ty) < ad(x,T(x)) + bd(y,T(y)) +

cd(x,y) )

Lemma 1
Let {ay}ln=o, and {b,};-obe sequences of non-
negative numbers and 0 < g <1 so that a,;; <

qa, + b, foralln = 0:

(i) if limyoe by, = 0, then lim,_,o @, = 0;

(ii) if Yy by, < 00, then Yo a, < .

Remark If g = 1, then the above result holds’in a
weaker form. See [4, 7, 8 & 9].

IIl.  ANALYSIS

The analysis of S-Iteration,~Thiawan iteration and
Picard-Mann iteration via sSimeon Riech contractive

condition.

IV./ RESULTS
In this section we shall prove the stability analysis of

S-Iteration, “Thiawan iteration and Picard-Mann

iteration"using Simeon Riech contractive condition.

Theorem 1
Let X be a normed linear space and T: X — X be a

mapping satisfying (5) with

(d(u,v) = ||lu — v||). Suppose T has a fixed point p.
Let x be arbitrary element but fixed in X and define
{xntn=o as (2), where {@,} and {8, } are sequences

in [0,1] such that 0 <, B <, B, for some «, . Let
{y} be any sequence in X with

€n = Yn+1 — (1 = a)TSy + @, TSy) and

Sn = = Bp)Yn + BuTSy. Then, {x,} converges

strongly to p and is T-stable with'respect to T.

Proof:
Let f(T,x,) = (b=ay)Ty, + ayTyy,
Yn = (1 - Bn)xn + ﬁnTxn

where

implies € = lWns1 — f(T, x,)||. Therefore,

“yn+1 - p” = “}’n+1 - ((1 - an)TSn + anTSn)” +
(1 = a,)TS, + a,TS,) — 7|

<€t ”((1 - an)TSn) - P” + (@, TSy) — pl|
=€n + (1 - an)”TSn - p” + an”TSn - p”
= €n + [(1 - an) + an]”TSn - p”

by (5), we have
lyns1 —pll < €,
+[(1 = ap) + ayllallS, —pll
+ blISn = TSpll + cllp — Tpll]
<6+ [(1—ay) + ay] allS, —pll
< al|Sp, —pll + €.
Also,
Sn =1 = B)yn + BuTSn
< alll( = Br)yn + BuTynl —pll + €
< alll(1 = B ynl =2l + BnTyn]l — Pl + €

© 2017, A Publication of Nigeria Statistical Society




Edited Proceedings of 1** International Conference

Nigeria Statistical Society
Vol. 1, 2017

< a(l = B)llyn = pll taBull Ty, — pll + €,
by applying (5) we have
Sn < a(l = B)llyn —pll +aBylally, —pll +
bllyn = Tynll + cllp = Tpll] + &,
< a(l = B)llyn —pll + a®Bullyn — plI+ €n
< [a(1 = Bp) + Bl lyn — pll + €
by Lemma 1 and the fact that a+b+c <
1, Xn=1n Bn =, limy g€, =0
and limy,_ly, —pll = 0 implies [y, —pll =0
andy, =p

But y,, = x,, therefore x, = p. m

Theorem 2

Let X be a normed linear space and T: X — X be a
mapping satisfying (5) with (d(u,v) = |[u — v|]).
Suppose T has a fixed point p. Let x, be arbitrary
element but fixed in X and define {x,}5=o as (3)
where {a,} and {B,,} are sequences in [0,1] such that
0<ap<a,p, for some a,B. Let {y,} be any
sequence in X with
€n = [lYn41 — (1 — @) Sy + anTSy)ll and S, =
(1 = Bn)yn + BnTSy.
Then, {x,} converges strongly to p and is T-stable

with respect to T'.

Proof:
Suppose +f (T, %)= (1 — a,)y, + @, Ty, where
Yn = (1 - ﬁn)xn + .BnTxn that is €, = ||Yn+1 -

f(T,%q)]|. Hence,

||Yn+1 - p” = ”}’n+1 - ((1 - an)sn + anTSn)” +
||((1 —a,)S, + anTSn) - p||

<en+|[((1—a)Sn) — 7|
+ ”(anTSn) - p”

:(1 - an)”Sn - p” + an”TSn - p” +

En
by applying (5), we have

||Yn+1 - p” < [(1 - an)”Sn 7 p” + an] [a”Sn - p”
+ blISy — TSyl cllp — Tpll] + €,

< (1 = an)”Sn - p” + ana”Sn - p” +

€n
S A —ap+a,a)lISy —pll + €,
by'definition
Sp =1 = B)yn + BnTSn

<A —ap+ a1 =By, +
BnTyn]l —pll + €n

< (1 —an + ana)”[(l - ﬁn)Yn] - p”
+ ”[ﬁnTyn] - p” T €n

< (1 —an + ana)(l - ﬁn)”yn - p”
+.Bn”Tyn - p” + €n

by (5), we have S,

< (1 —an + ana)(l - ,Bn)HYn - p||+ﬂn[a||yn -
p|| + bllyn — Tyull + cllp — Toll]+ €,

< (1 —an + ana)(l - ﬁn)”yn - P” +
aﬁn”yn - p”+ €n
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< (1 —an + ana)(l - ﬁn + aﬂn)”)’n
_p” + €n

and the fact that a+b+c <

1, Z?lo=1 Un, Pr = .

by Lemma 1

lim,_,q €, = 0 and lim,,_4||y,, — p|| = 0, implies
lyn — pll = 0. Hence, y, = p

but y,, = xy,, therefore, x, = p. m

Theorem 3

Let X be a normed linear space and T: X — X be a
mapping satisfying (5) with (d(u,v) = ||lu — v|]).
Suppose T has a fixed point p. Let x, be arbitrary
element but fixed in X and define {x,}p0 as (4),
where {a,} is a sequences in [0,1] such that 0 <
a, B < a, B, for some a, B. Let {y,,} be any sequence
in X satisfying €, = ||yn41 — TSplland S, =
(1 — ap)yy + Tyy,. Then, {x,} converges strongly:to

p and is T-stable.

Proof:
Let f(T,x,) = Ty, where, y, = (1 —a,)x, + Tx,
then €, = ||yn+1 — F(T, )l

therefore,

lyn+1 — 2l Z [ Ynga =TSO+ ITSy, —pll < €, +
TS, — pll

< [allS, = pll + blISy, — TSpll + cllp — Tpll] + €
< allS, —pll + €,

hence

Sn < a”[(l - an)Yn + Tyn] - p” + €n
<all[(1- an)Yn] =pll +ITy, —pll + €,
< a(l = ap)llyn — pll +allTy, —pll + €

< a(l —aylly, — pll +alally, —pll +
b”yn - Tyn” + C”p i Tp”] + €n

<a(l-a)lly, —pll + azllyn -plt e,
< [a(1- an) + az]”yn -pll+ e,

applying Lemma 1 and the fact that a4+ b +c < 1,
Yin=1n = o, limy o€, =0, lim,_olly, —pll =0,
implies, |[y,—pl=0 and y, =p. But, y, = x;,
therefore, x,/= p.m.

V. DISCUSSIONS

The stability analysis of S-Iteration, Thiawan iteration and
Picard-Mann iteration were shown and proved by means of
Simeon Riech contractive condition.

VI. CONCLUSION

The result in this work obviously generalizes the results
of several authors.
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