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Abstract

Generalized Auto-Regressive Conditional Heteroscedasticity (GARCH(p,q)) models are known for
modelling volatility in returns of financial assets. Over the years, researchers have often modelled
volatility with normal error innovation. Meanwhile, most financial series are non-normal and exhibit
fat tails as well as highly leptokurtic. Thus, the use of normal error innovation for modelling data
that exhibit high volatility always yields inaccurate and poor forecast performance. Therefore, this
study seeks to develop appropriate theoretical alternative error innovation for GARCH (1,1) and
Taylor Schwartz GARCH (TS-GARCH (1,1)) models that are expected to ameliorate the
deficiencies in the use of normal error innovation.

Keywords Volatility, GARCH, TS-GARCH, Error Distribution.

1.0 Introduction

Suppose the return on investment received at some pre-defined point in the future of one’s investment in a
financial asset today is considered as a random variable, such a variable can be fully described by a
distribution function or by a density function. The expected or mean value of a density function is the most
important feature of the density function which represents the location of the density function. The
uncertainty or the volatility occurs around the mean, this is observed when plotting returns against time, the
volatility is illustrated by the jagged oscillating appearance. This phenomenon of jagged oscillating
appearance is usually observed over stated periods of time, these may be hourly, daily, or weekly, say.
After the volatility of a time series is observed it would be obvious, interesting and expedient to examine
the properties of the series; can it be forecasted from its own past, do other series improve these forecasts,
can the series be modelled conveniently and can the results be generalized using some useful multivariate
methods?. Financial econometricians have done a lot of work in this area and considered such questions.
There is now a substantial and often sophisticated literature in this area (Poon, 2005).

Volatility generally, is the rapid movement at which the value of a security increases or decreases over
time. Financial markets experts are often concerned with the spread of return on asset since volatility is
often measured by the standard deviation. The success or failure of volatility models in many financial
applications depicts the practical importance of volatility modelling and forecasting. Therefore, the success
or failure of any volatility models does depend on the characteristics of empirical data the researcher tries
to capture and predict.
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2 GARCH(p,q) Model With Generalized t-Distributed Error

Therefore, the crux of volatility modelling is to explore the properties of a time series and obtain the
stylized facts of financial market volatility. Financial time series have their distinct characteristics, these
salient features about financial market returns and volatility include fat tails, volatility clustering, the
autocorrelation of squared returns, no autocorrelation for asset returns except possibly at lag one. Thus, the
specification of an appropriate volatility model for capturing these features exhibited by financial series is
of significance to policy and economic managers. More so, reliable volatility model of asset returns assists
investors in their risk management decisions and portfolio adjustments.

In modelling financial returns, there are both theoretical and empirical reasons for preferring logarithmic
returns. According to Strong (1992), theoretically, logarithmic returns are analytically more tractable when
linking together sub-period returns to form returns over long intervals. Empirically, logarithmic returns
have much better statistical properties (Christoffersen, 2012). Also, in order to solve the problem of non-
stationarity that is usually encountered with the level series, the return series is preferred to level series
(Escanciano and Lobato, 2009). Therefore, the return at time t is computed on a continuously compounded
basis for a particular time t as expressed below:

r=In (ﬁ) x 100

(1)
where; ;= Return rate in period t
y,= Price in period t
Y¢—1= One period lag in the Price

2.0 Model Specification and Tests

2.1 Mean Equation

To correctly model the conditional variance or volatility, one must model the conditional mean, the
conditional mean is often specified. If Q,_, is the information set at time t-1, which may include past
returns and past residuals and any other variable known at time t-1, then, 1, is usually modeled as follows:

1 = E(r|Q_q) + &
(2)

Where E (.|.) represents the conditional expectation operator and ¢&; denotes the disturbance term, with
E(g;)=0and E(g,55) = 0, for all t not equal to s and E (g,.&,) =52 for all t=s.

Researchers have often opined and modeled the conditional mean E(7;|Q;_,) with Autoregressive (AR),
Moving Average (MA) or Autoregressive Moving Average (ARMA) terms.

2.2 Test for unit root and Heteroscedasticity
The augmented Dickey-Fuller test is used to test for unit root. It is specified as
Ary = @r + X7_ BiAr_j + & 3)

where; @= coefficient presenting process root (focus of the test).
The null and alternative hypothesis corresponds to

H_ : ® =1 (series is non-stationary), against H, :¢ # 1.

The TR? test statistics where R? is the coefficient of variation, which is the square of correlation, and T is
the number of observations will be used to test for heteroscedasticity in the return series. It is computed
from the regression of squared-error (residuals) € on a constant and lag(s) of squared-error (residuals)
expressed as;

ef = ag+ arelq + -+ azel 4)
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where a; to ag, are the coefficients. When the coefficients are different from zero then the null of
conditional Homoscedasticity is rejected. The Engle’s LM test Statistics is evaluated under the null
hypothesis of homoscedasticity and it asymptotically follows the chi-square distribution X?(q).

3.0 Volatility Model

There are different models both symmetric and asymmetric that have been employed to describe the
variability in asset returns. The asymmetric is adopted to measure the effect of both negative and positive
shocks on conditional variance. In this study, some of the symmetric and asymmetric models employed are:

3.1 The Generalized Autoregressive Conditional Heteroscedastic (GARCH) Model

The generalized autoregressive conditional heteroscedastic (GARCH) model proposed by Bollerslev (1986)
is employed in this study to probe and/or explore the volatility clustering and persistence usually exhibited
by financial series. The GARCH model has basically three parameters, these three parameters allow for a
limitless number of squared errors to influence the current conditional variance (volatility). The conditional
variance which is a weighted average of past squared residuals is determined through GARCH model.
These weights decline gradually but they never reach zero. Moreover, the conditional variance allowed by
the GARCH model is dependent upon its own previous lags. The GARCH (p, q) model has a general
framework which is expressed by allowing the current conditional variance to depend on the first p past
conditional variances and the q past squared innovations. This is expressed in the form:

o =w+ Z?=1 a; €t2_j + Z?:l Bi Utz—i ()

where, p = number of lagged conditional variance, g = number of lagged squared residuals
In this study, the GARCH(1,1) model or specification is employed.

0 =w+ ag?, + foi, (6)

where, >0, o.>0,and B>0. Also,
& = Z;0; @)

and Z, denotes the standardized residual returns series that is identically and independently distributed with
zero mean and variance 1), and o2 is conditional variance(current conditional variance). The persistence of
ofis captured by a + 8, while stationarity is ensured by @ + 8 < 1. There are three terms and/or functions
that usually characterizes the conditional variance equation: (i) A constant term, w (ii) the function that
represents news about volatility from the previous period, (the ARCH term); and (iii) immediate past
period forecast of variance o2 ; (the GARCH term). When residuals are generated from the mean equation,
the conditional variance equation, therefore, models the time-varying nature of volatility of the residuals
that have hence been generated from the mean equation.

3.2 TS-GARCH Model
The TS-GARCH is used to model fat tails. It was developed by Taylor (1986) and Schwert (1990). It is also
another popular model used to gain the information content in the thick tails. The thickness of a tail of a

series is common in the return distribution of speculative prices. The general framework of this model is
based on standard deviations and expressed as:

oy =w+ Z;'I=1 aj|€t—j| + Z?:l Bioi—1 ®)

The study makes use of the TS-GARCH(1,1) model, with the respect that TS-GARCH(1,1) provides better
estimates with the following specifications below than other variations of its model.

oy = w+ale_q| + fo._, )
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33 Estimation Method

There are different methods used to estimate GARCH model parameters with respect to the distribution of
the residual term. The traditional method for parameter estimation is the Least Square (LS) method, other
methods are the M-estimators obtained from the likelihood equations for the location and the scale
parameters and the Modified Maximum Likelihood (MML) method which has closed-form algebraic
expressions and is asymptotically equivalent to the ML (maximum likelihood) estimators which are often
used in parameter estimation. In this study, we employ the MML method of parameter estimation
constructed under the generalized t-distribution (GTD) of the residual term.

34 Modified Maximum Likelihood (MML) method

Tiku et al (1999) obtained the parameter estimates in autoregressive models assuming the underlying
distribution to be the shift-scaled Student’s t distribution. They also developed the modified maximum
likelihood (MML) estimators of the parameters and showed that their proposed estimators had closed forms
solutions and established that they were remarkably efficient and robust. The method is now known to give
estimators that are asymptotically fully efficient (Bhattacharyya 1985) and almost fully efficient for small
sample sizes (Lee et al 1980, Tan 1985, Tiku and Suresh 1992, Vaughan 1992).

To formulate modified likelihood equations, Z; (for a given @) is ordered in increasing order of magnitude
and denote the ordered z-values by Zp;) = (r;) — 0r(;-1)/0 , 1 < i < n. It may be noted that (rp;), 7;-1) is
that pair of (r;,r;_;) observations which constitute Z;), 1<i<n. The pair (ry;, r[;-1) may be called
concomitants of Z;;.

Lett) =E {Z[i]}(l < i < n) be the expected values of the standardized order statistics, noting that under
very general regularity conditions t[; converges to Zj;jas n tends to infinity, and with the understanding that
the fact that the function g(z) is almost linear in a small interval ¢ < z < d (Tiku 1967, 1968b; Tiku and
Suresh 1992), we use the Taylor series expansion to linearize g(z), therefore;

where,
_qgpt (-DIelP~?{14]eP}-)e|2P~2
ET [} tx {14 Z1elP] (1n
q q
and

_ 1 P _
_ oo DIeP 1P} -fieP
t {1+é|t|p}

To obtain the value of m; and n;, we need the value of t;,1 < i < n.The approximate values of tf; are the
solutions of the following expression below;

(12)

[UfZydz=——1<i<n (13)

Then t;) values are obtained as;

yi \MP 2 i ) -
(1_y1) oqr,y, = 1—{1+((m) /oq ) } ,forry, =20
t[i] (14)

1

2" o =1 (o) porn <o

1-y, n+1
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Hence, the MML method will be used in this research.

3.5 The Proposed Error innovation

The Generalized t - distribution (GTD) is expressed as:

p

fGripo,pq) = -0 <g <o (15)

Zo'q%B(%.q)[1+“;T‘2p]q+l/q
where; P>0, ¢>0, 6>0 and B(.) is a beta function. The GTD is a symmetric function (mean, p =0), the
choice of this is to describe the purpose of risk modelling, to determine its behaviour and to give a
reasonable forecast of future realization. Also, the symmetric probability distribution is the best guess for
an uncertain future and if a non-symmetric distribution was assumed, then a strong hypothesis for the
uncertain future concerning the movement of the returns rate is made (Saida, 2000).

The GTD has two parameters both of which are shape parameters, thereby providing flexibility in the tail
as well as in its peak. The GTD nests seven other well-known distributions, including the Student’s ¢-
distribution (when p=2, then df becomes 2q) and the GED (when q= oo and df = p), when both conditions

are met (i.e p=2 and g= o) then GTD becomes normal distribution.

The flow-chart below gives the various distribution nested by the GTD when the shape parameters(p and q)
assume different values.

GT

p=2 p—= g
Student-t (df=2q) Uniform Exponential Power
q:'yz g—
Cauchy Normal Laplace

The GT distribution family tree
3.6 Estimation of The Parameters of GTD

The log-likelihood function of the GTD in (15) to be maximized is given by the equation below;
T 1 1\ T 1
Inl(.) =TIn (g) —5Inq - TInl (;) —TInl'(q) + TInT (q + ;) - ;Inat2 - (q + ;) Y .in [1 +

leelP
)p/Z] (16)

a(of
From (16), let K = Tin () - glnq — TInl (%) —TInl(q) + TInT (q + i) then,
|e|P

i) =K ~Inof — (¢ +) Ty In [HW] (17)
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Therefore, partially differentiating equation (17) above with respect to the mean (u or 7;), we obtain the
following expressions;
P

rtz_)zjz and Z = % Therefore, partially differentiating

ot

From the RHS of equation (17),let B =1 +%

equation (17) with respect to the mean 7;, we have
dl(.) dl( ) dB dZ

= X —X
d#%,  dB ~dz  df,

From the RHS of the expression above, we differentiate each expression separately, and obtain their
product:

Firstly, d;;) {K - —Inat —(q+ —) >, InB} Thus,
T
dl(. 1 1
4O_ (YL
dB p/ LuB
=1
dB _ d 1
a _ 4 Lizp
Secondly, =1 {1 + . |Z| }
-1,IfZ<1
Recall that the function |Z| = sgn(Z).Z and % = sgn(Z) where sgn(Z) =< 0,IfZ =10
1L,IfZ>1
Therefore,
L L sm@zr
dZ q g
d Tt—f‘t
Lastly, dr} prY {T} Hence,
az _ 1
af, o,

The resulting product of the partial differentiation with respect to the mean is given as,

T
dl() 1 1 p 1
= — =) — X — DNZzIP~t x ——
ar, (q+p ZB qsgn( )IZ] o
w — (pq+1) T sgn(Z)|Z|p‘1 (18)
are — q@)V2 =L f14di7)p)
q
-1
To maximize the log-likelihood function in equation (15), we see that = 0. Also, let g(2) = {llfzzlp},
q
then, equation (18) is expressed in the equation below:
di() _ (pq+1)
T = a7 L1 sgn(2)g(2) = 0 (19)

Also, partially differentiating eq(17) with respect to the variance (), we obtain the following expression
below:

dl(.) T di(.) dB dZ
=t o X o X =

day 20¢ dB  dZ dof

From the RHS of the expression above, we differentiate each expression separately, and then carry out their

product
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dl T 1
Firstly, ;) = {K - ;Inat2 - (q+ ;) > InB}

T
O

Secondly, Z—l; = %{1 + % |Z|p}

=L@z
dz q

dz (e —7)

do? ~ 2(cP)%?

The resulting product of the partial differentiation with respect to the variance is expressed in equation (20)

below,
T
=—-— +—Z— = DZIP X ———=
an _ T (pq+1) sgn(Z)|zIP71 (re=7y)
do?Z 202 Z {1+%|z|p} “(o2)? (20)
Therefore, by maximization of the log-likelihood function in equation (20), we set , hence resulting to
equation (21) below.
ay _ T (pq+1) _
a0z = "2 T oge7 Z 129(Z) =0 e2y)

3.7 Estimating Volatility Models

From earlier derivation, of the ML function of the generalized t-distribution with respect to the variance,
we obtained equation (21) as shown below;

dl(-)_ (pq+ )ZZ ) =0

do} 207 at

Also, recall that g(Z[i]) =m; +nZpy
Therefore, substituting the function above in equation 2 1) we obtain the following expressions,

ai.) (pq +1) Z
= A 2
do? ZUt 2qa} afm: +mZa}

—1
aic) _ (pq + 1)
do? = 207 — Z{ 2 +nZl]}

ai(.) (pq + 1) (rq+ 1)
q i=1 q i=1

2
dof

Recall that Z in the above expressions is, Z = ;rt = i

Where, & = 1, — @7,_; for an AR(1) model, et = rt Oe;_, for a MA(1) model and & =1, — @4 —
O¢,_, for an ARMA(L,1). Therefore, the expression for the variance of the GTD is as below;
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T T
dl(. +1 € +1 et
O__,, P4 )Zmi_tJr(pq )Zni_tz
T = % T = %

dof
T
(pq+1)z 5
- n; &g
q £
i=1

Therefore, the expression above becomes equation (22) below by equating the expression to zero,

di()

2
doy

=—Tof + o, +

T

(rqg+1) Z
- m;&;

1 i=1

T T
+1 +1
Tof — MZ miet] o — MZ nistz] =0
1 i=1 1 i=1
(22)
Hence, from the quadratic equation, ax? + bx + ¢ = 0 and x = bV mtac) ‘(::_4‘16)

From equation (22),
1 1
Let D = [(pqq_+)ziT=1 mist] and H = [(pqq_+)ZiT:1nigt2] (23)
Then equation (22) becomes,
To? — Do, —H =0

(24)
Therefore, going by the use of the quadratic equation formula, we have equation (25) below,
D++/(D2-4TH)
O =— (25)

Therefore, to correct the issue of biasness, we rewrite the denominator in equation (25) and replace with
24/T(T — 1). Therefore, equation (25) becomes,

__ D+ (D?-4TH)

t— o JT(T-D (26)
3.8 Estimating The Parameters of GARCH (1,1) Model
The GARCH (1,1) process is expressed below as;

02 = w+ag’, + fo’,

Therefore, estimates of their respective parameters are obtained by substituting the GARCH (1,1) model
into the variance of the generalized t distribution.

Firstly, estimating the omega parameter, we further differentiate equation (20) with respect to omega, thus
the expression below describes the procedure;

di(.) di() do?

do do? ~ do

Hence, by differentiating each term from the RHS of the above expression, we obtain the following,

T
di)y (T (pa+1)
dw _[ 202 * 2qo? Zl:Zg(Z) x1

Therefore, by equating the expression above to zero, we arrive at equation (24) as stated below,
To? —Do,—H=0
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where T is the number of observations, D and H are as stated in equation (22). Therefore by substituting the

GARCH(1,1) model in the quadratic equation (24) above, we have the expression below,
T(w+ag?, +Po2,)—Do,—H=0
Expanding the expression above and making omega (w) the subject of the formula yields the following

w = Do, +H—aXl_ el —BYl 0,
T

27
Estimating the parameter o, we differentiate equation (20) with respect to . Thus, the expression below
describes the procedure;

di() dl() _do?

da  do? *da

Hence, by differentiating each term from the RHS of the above expression, we obtain the following
expressions,

T
ai.) T (pq + 1)2 )
W‘[ 207 " 2q LD
i=

Therefore, by expanding and equating the expression above to zero, we obtain the following,

T
diC) _ Tek, (pa+1)

2 2
da 202 2qo? gt_l{miz[i] + niZ[i]}

i=1

L 2 L 2.2

an(.) Te2 (pg+1) &€, (pq+1) Et€t_q
=—-Te 1 + m; + n; 2

a q i=1 Gt T = %

T ; T
dl(. +1 +1
46 = —0fTel, + MZ myeet | oy + MZ nietzetz_l]
da q q
i=1 i i=1
T T - T
5 5 (pg+1) 5 (pg+1) » 2 |
ot Efo1 — |7 ) Mi&i 1|0 — |7 ) MEfEr | =0
— q ._ q —
i=1 i=1 L i=1
(28)
From equation (28)
1 1
Lets S= I:(pqq_-‘-)zz;l migtgtz—l] and V = I:(pqq_*-)z:’{:l nigtzgtz—l]
(29)
Then equation (29) becomes,
T
astf_l —So,—V =0
i=1
(30)

where S and V are as stated in equation (29).
Therefore by substituting the GARCH(1,1) model in the quadratic equation (30) above, we have the

expression below,
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T
Z 2 (w+ag’,+pot,)—So,—V =0

T T T
w Z gy + QZ(StZ—JZ + ﬁz gl 10f1 —So, =V =0
i=1 i=1 i=1

Also, substituting for omega in equation (31) with equation (27), yields the following

G

T

T T
Do, +H—-aXr e, —BY" 0%
thz—l< - : 1Tt 1 = F 2z O +0~'Z(5t2—1)2+ﬁzft2—10t2—1_50't_v=O
i=1 i=1

i=1

Expanding the expression above gives the equation below

T

Datzgt 1+H28t 1+a<Zet 1) ﬁthz 12% 1+a'TZ(€t 1)2+.8ngt 1Ut 1—STo,

i=1
— VT =0
Therefore, collecting like-terms and making alpha the subject formula gives the equation below,

STUt +VT — (Do + H) X1y ety + BINT- €21 Xy 0y —T X1 €21 044]
{TZ _1(51:—1)2 - (Zi:l St—1) }

(32)
Also, to estimating the parameter beta, we partially differentiate equation (20) with respect to beta, thus the
expression below describes the procedure;

di() _di() _da?
A T do? “dp

Hence, by differentiating each term from the RHS of the above expression, we obtain the following
expressions,

dl(.) _ (Pq D
W_{ 20_t+ ZZ (Z)}Xatl

Therefore, by expanding and equating the expression above to zero, we obtain the following

2 T
d() _ Tet,  (pg+D)

2]
dﬁ 20't2 2q0‘t.2 atz_l{ml-Z[i] + TliZ[l-]} =0

i=1

dal(.) ) (pq+1)z €071 (pq+1)z &atl

Tda = T

dl()
P

T
z§ 2
Ot Ot—1 —

i=1

T T
+1 +1
(pq )zmigto-tz_l Ot + Mz nigtzo-tz_l =0
a i=1 q i=1

(pq + 1)2 ot 1] (pq + 1)2 ]
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(33)
From equation (33) above,
Let F = [(pqﬂ)zl L mg 0L 1] and G = [(pq+1) Y nefol 1]
(34)
Then equation (33) becomes,
T
JEZJE_I —Fo,—G=0
i=1
(35)

Where F and G are as stated in equation (34).
Therefore by substituting the GARCH(1,1) model in the quadratic equation (35) above, we have the

T
wzatzlazg 1O—t 1+BZ(0—t 1) _FO—L» G:0

i=1 i=1

expression below

(36)
Substituting for ® in equation (36) with equation (27) we obtain the following,

T T T

Do, +H—adYl_ e, - BY o2
Zat2—1< t 21_1Tt 1~ B Xi=1 0 1) n azgtz_l o2, + Bz(atz_l)z —Fo,—G =0
i=1 i=1

i=1

Expanding the expression above yields the equation below,
2

(D0t+H)ZUt 1_“2‘% 12‘% 17 <Zat 1) +aTZ£t 108 1+BTZ(C’t )2 —FTo,

i=1

—GT = 0

(37)

From equation (32),

Let | = STor+VT— (DUt+H)ZL 15y and U= [ZL 155 121 1071 TZL s é"tz—ll
{TZT 1(ef- 1) -5 et) } {TZT 1(5t—1) -5 et0) }

(38)

Therefore, substituting for 7 and U in equation (32) yields,

a=1+pU

(39)

Hence, collecting like-terms from equation (37) yields the expression below,
T T T 2 T T T
(Do, + H) Z ofq +p TZ(Utz—1)2 - (Z Utz—l) -« {Z i1 Z 0fq — TZ et 1 03—1] —FTo;
i=1 i=1 i=1 i=1 i=1 i=1
—-GT=0

Therefore, substituting for alpha in the expression above with equation (39),

T T T 2 T T T
(Do, +H)Z‘7t2—1 + B TZ(UtZ—1)2 - (Z 0t2—1> - (I +pU) [Z 5t2—1zat2—1 +TZ etq 05—1}_1:71@
i=1 i=1 i=1 i=1

i=1 i=1
—GT =0



12 GARCH(p,q) Model With Generalized t-Distributed Error

Expanding the expression above gives the expression below,

T T T 2 T T T
(Do, +H)Zat'2—1 + B TZ(UtZ—JZ - <z Crt2—1) + U {z 5t2—1zat2—1 +Tz 5t2—1 01'2—1}
i=1 i=1 i=1 i=1

i=1 i=1

T T
-1 {Z sf_lz o2, + TZ g2, atz_l} —FTo, —GT =0
i=1 i=1 i=1

Therefore, collecting like-terms and making beta the subject formula of the expression above yields the
equation below,

_FTo, +GT — (Do, + H) Y-y oy + {01, 621 Xioy 0y + TNl 621 081}
{TX1(02)? — (B 02D+ U{EL el Xl 0y + TR &t 0843

(40)
3.9 Estimating the Parameters of TS-GARCH (1,1) Model
The TS-GARCH (1,1) with reasons stated by eq(9), is expressed below;
o, =w+ale_,| +po_4

Therefore, estimating their respective parameters is obtained by substituting the TS-GARCH(1,1) model
into the variance of the generalized t distribution.

Firstly, estimating the parameters, we differentiating the ML function with respect to the standard
deviation, then further differentiate with respect to desired parameter estimates, thus the expressions below
describe the procedure;

Therefore, differentiating the ML function with respect to the standard deviation,

T

dl(. T +1

d( )__ I (g )zzg(z)
Ot Ot q0c &

(41)
And the function g(Z) above is:

9(Z) = m; +nZp

Therefore, substituting the function g(Z) in equation (41) above yields,

T
dal(.) T (pq+ 1)2
dao; o qo; = [l]{ml i m}

T
dl(.) T ((pq+1) 2
It E 7 72
do, o, + qo; i=1{ml i+ [l]}

T T
aic) g+ 1) (pg+1)
BERCED) S RRULE)
do q i=1 q i=1

Therefore, the expression for the variance of the GTD for the TS-GARCH(1,1) is;
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T T
dl(.) (pg+1) & (pg+1) &t
=T+—dm—+——2) n—
T =5 % T = %

do;
T
(pq + 1)2 2]
- n;et
q —
i=1

Hence, equating the expression above to zero, the following expression is obtained,
T T
(pq+1)z (pq+1)z 5
— ) myg o —|——— ) nef| =0
q — q —
i=1 i=1

T(0,)?— Do, —H =0

dl(.)
do;

=—T(0.)* + o, +

T

(pg+1) Z
- m;&;

q i=1

T(Ut)z -

(42)

where T is the number of observations, D and H are as stated in equation (23).
To estimating the parameter omega, we differentiate equation (41) with respect to omega, thus the
procedure below;

diQ) _di()  do;

dw dao; dw

dop
where o= 1
Therefore substituting the TS-GARCH model in the equation (42) yields the following,

T(w+ ale_q| + Bor_1)? — Do, —H =0

T(w+ ale_1| + for_q) = Y, (Do, + H)

Therefore, expanding the expression above and making omega the subject formula gives the equation
below;

Vv (Do, + H) — a2f=1|5t—1| - [’723;1 Ot-1

T

Wrs =

(43)
Estimating the parameter alpha, we further differentiate equation (41) with respect to alpha, thus the
expression below describes the procedure;

diQ) _di¢)  do,

da do; da

Hence, by differentiating each term from the RHS of the above expression, we obtain the following
expressions,

T
() _{| T (g+1
20 _ {__J,?; Zg(Z)} X |eeal

Ot

Therefore, by expanding and equating the expression above to zero, we obtain the following,
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T T T
g+ 1) (ra+ 1
(af)ZZIeHI - —Z mgele_q||op — —Z nieflee_4|| =0
i=1 1 i=1 4 i=1

(44)
From equation (44)
+1 +1
Let Sps= [(pqq—)ZiTﬂ mi5t|5t—1|] and  Vpg = [(pqq—)ZiTﬂ ni€t2|€t—1|]
(45)
Therefore, equation (44) becomes,
T
(Ut)22|£t—1| = Srs0p = Vps =0
i=1
(46)

Where Sts and Vs are as stated by equation (45)
Therefore by substituting the TS-GARCH(1,1) model in the quadratic equation (46) above, we have the

expression below,
T

Z|5t—1| (w+ aleg_q| + Bor_1)* = Sps0, — Vpsg = 0
i=1

T
Z|€t—1| (0 + ale_q| + Bor_1) = (Srs0; + Vrs)

i=1

T T T
) Z|€t—1| + Q’Z(lé't_ll)z + BZ|3t—1| 0r—1 = (Srs0; + Vrs)
i=1 i=1 i=1

Hence, substituting for omega in the expression above with equation (43) and expanding the resulting
expression, making alpha the subject formula yields the following equation,

_ T\/(STSUt + Vrg) — \/(Dat +H) Y6 ] + BIX g leco1l Xy 0eq — T Xioqlee—1l 0p-1]

a
" {T X1 Uee-1D? = Eile-1D?
(47)
From equation (47),
Let Ips = TJ(sTs:t+st)—J<DatT+H)zilllzst_ll and Upg = [ziTzllst_Tllzl—llcrt_l—TTziTzllet_llcrt_l]
{2l 0ee-1D?-(ZT lee-11)"} {r3L Gee-1n?~(ZTlee-11)"}
(48)
Therefore, equation (47) becomes,
ars = Irs + Prs
(49)

Also, to estimating the parameter beta, we partially differentiate equation (41) with respect to beta, thus the
expression below describes the procedure;

di() _di() _do,
A " do, “ap

Hence, by differentiating each term from the RHS of the above expression, we obtain the following
expressions,
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T
dicy (T (q+1)
W—{——"'T;Zg(z)lxﬁq

O¢

Therefore, by expanding and equating the expression above to zero, we obtain the following,

T T T
. (pg+1) (pg+1) 5
(0v) Ot — |/ mi&0¢—1 |0t — |— ngfo_1 [ =0
i=1 q i=1 1 i=1

(50)
From equation (50)
1 1
Let Frg = [(pqq+ )ZiT=1 miftat—1] and Grs = [(pqq+ )ZiT=1 nigtzat—l]
(51)
Therefore, equation (50) becomes
T
(0,)? Z 0t-1 = Frsop — Grs =0
i=1
(52)

where Frs and Grs are stated by equation (51)
Therefore by substituting the TS-GARCH(1,1) model in the quadratic equation (52) above, we have the

expressions below,

T
Z 0r—1 (0 + alee_y| + Bop_1)? — Frs0, — Grs = 0
i=1

T
Z 01 (0 + aleeq| + Bop_1)? = V (Frsoy + Grs)
i=1

T T T
w Z Op-1t+ aZ|5t—1|Ut—1 + BZ(@:—QZ = (Frsoy + Grs)
i=1 i=1 i=1

Therefore, inserting equation (43) for omega, equation (47) for alpha in the expression above, we further
expand the resulting equation, hence making beta the subject formula gives the equation below,

_ T (Frso + Grs) = /(Do + H) Xi_y 0p_1 + Irs[Xi-il€e_1]| Bimy 0e—y = T Xi_slee1| 0p_1]

Brs = T 2 T 2 T T T (53)
{T Zi:1(0't—1) - (Zi:l 0p-1)%} + UTS{Zi:1|£t—1| Zi:1 Op—1 — T2i=1|€t-1| 01}
OMEGA ALPHA BETA
o= . o= STartbT={Da ) By o+ S ey Sy ot =Ty oy _ s GTADortt) S e 1By ey Sy ol TS )
GARCH(LI) M-:‘T“—‘“a-u i (L, da) ] T AL I 0 A e s e |
- e = Gy = firs =
T§- et ¢ 1T Vo~ T el £ s TE 1 T B TS ey thrslt el T T
Japel=a £ ey b=p I ey s Py Ba ) S |l E[ED, ol 1.;'!.: L A LT | v (Frgdy +0rg)=y (Dt ?lg.z: L 1 LY ST o |
GARCH(LY) T [P el e 0P= (5L b)) X SN SN i T T o SR 0 L o |
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where; T = Number of observations

(pg+1) (pq+1) (pg+1) (pg+1)
D= [ a Z?=1 migt] H= [TZ;‘T=1 niftz] S= [TZ;‘T=1 mi5t€t2—1] V= [TZ?=1 nigtzetz—l] F=

(Pq+1) o1 2 _ [wa+1) -1 2,2
[_q Yi=1 M;E0F G = 7 Yi=1 NiEfoi |,

_ STot+VT=(Dop+H) Ti_ &8 ;, _ [BFq et 1 Bl  0f1—T 31y 6f-10f4] _ T/GrsoctVrs)—(Dor+H) T, lec_al
= >, U = 2 TS = 2
{rel (et~ (ST, e-0)') {rel (e2)’- (S, 1)} {r=l (1>~ (ZT lec-11) '}
[ZT=1|€t—1|ZT=1Ut—1—TZT=1|8t—1|Ut—1] (pq+1) o1 (Pq+1) T 2
Upg = =4 L £ Sre = i—imigcler_1l], Vpg = =1 nEf e
TS {TZ?:1(|5t—1|)2—(2?:1|5t—1|)2} TS [ q Zl—l i tl t 1|] TS [ q Zl—l i tl t 1|]

(rq+1)
Frg = [TZ;‘T=1 migtat—1]~

4.0 Analysis and Results

Data used in this study are the daily return data of the Nigerian Naira /US dollar exchange rate for the
period August 1, 1995 to June 1, 2017, obtained from the 2017 annual statistical bulletin of the Central
Bank of Nigeria. R-package was used to carry out the analysis of collected data. The time plot of the series
is presented by Figure 1.
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Figure 1: Plot of Foreign Exchange Price of Naira to US Dolla from August 1995 to June 2017.

4.1 Descriptive Statistics

Table 4.1 presents the descriptive statistics of the return series of the daily foreign exchange rate between
the US Dollar/Nigerian Naira. From the table, the expected return(mean) for the series is positive, this
implies that the Naira has witnessed more depreciation than appreciations against the US Dollar over the
period under consideration.

The standard deviation is also larger than the expected return. The large standard deviation for the
Dollar/Naira exchange rate indicates that the rate is less stable (more volatile or highly risky). Considering
the distribution of the return series, the positive skewness (a right tail) of the return series relative to the
normal distribution (0 for the normal distribution) indicate a higher possibility of depreciation of the Naira.
Also, the kurtosis value shows that the return series is leptokurtic(exhibit fat tail) in nature. This implies
that the return series have a substantial peak in the distribution, an indication of non-normality.

ASTA, Vol. 1, May, 2019
WWW.pssng.org



Shittu and Ibi

The Jarque-Bera normality test statistics (JB test) are also significantly large for the return series as shown
in Table 4.4, these indicate that the return series is not normally distributed.

Table 4.1: Summary Statistics

Mean  Median  Mini. Max. ]S)tg; Skewness  Kurtosis Jarque-Bera  Prob.
0.0229  0.0000 -15.4151  34.9891 1.0505 6.2341 251.8611 13823.1534  2.2e-16
4.2 Stationarity and Heteroscedasticity Test

The ADF statistic test presented in Table 4.2 tests the null hypothesis of unit root against the alternative
hypothesis of no unit root. The decision rule is to reject the null hypothesis when the value of the test
statistic is less than the critical value. The ADF test statistic is greater than all the critical values in absolute
terms, so the hypothesis of non-stationarity is rejected.

Table 4.2: Unit Root Test (ADF test statistic)

t-Statistic Level Critical Values Prob.*

Return Series 1% -3.431337
-12.94825 5% -2.861861 <0.0001

10% -2.566983

The results of the heteroscedasticity test for the return series are given in Table 4.3. The null hypothesis of
no ARCH effect is rejected for the return series.

Table 4.3: Testing for ARCH Effects

ARCH LM-test Lag 2 Lag 5 Lag 10
Statistics 495.11 511.5 17.909
P-Value 2.2e-16 2.2e-16 0.05652

Furthermore, the Ljung Box Q-Statistic for squared residuals shows that higher-order serial correlation is
significant.

Table 4.4: Ljung Box Q-Statistic

Ljung Box Q-Statistic LB-Q(10) LB-Q?(10)
Statistics 752.46 1312.3
P-Value 2.2e-16 2.2e-16

The estimates of the parameters of the GARCH models are given in Table 4.5. For all fitted models, the
estimates are found to be significant at 1%, 5% and 10% significant levels for the return series. The
significance of these estimates shows the importance of modeling extreme and unusual market events that
have occurred during the sample period (Zivot, 2009).

The significance of both a and 8 across the various models indicate that news about volatility (i.e.
fluctuation) from the previous periods have explanatory power on current volatility. According to
Longmore and Robinson (2004), positive values for these coefficients suggests that as the market
approaches expected future rate, volatility will tend to increase. In models, like the TS-GARCH with the
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GTD and Normal distribution respectively, the coefficients of a and 5 were high (>1)while at other times,
like the GARCH with the GTD and Normal distribution respectively, they are relatively lower in

comparison.

Table 4.5: Parameter estimates of GARCH Models

Generalized T- Normal Distribution

Models Equations Parameters Distribution
Coefficient P-Value Coefficient P-Value
Mean MA (6) -0.3877 0.0008 -0.3651 0.0008
Variance Intercept(GD)  -0.0956 0.0003 -0.0829 0.0002
GARCH (1,1)
ARCH(a) 0.2429 0.0014 0.1089 0.0007
GARCH(pB) 0.5692 0.0018 0.4943 0.0011
Persistence 0.8120 0.6032
Log-Likelihood -386106.5 -407831.8
AIC 772221 815671.7
BIC 772240.7 815691.3
Mean MA (©) -0.3413 0.0008 -0.3196 0.0008
arian Intercept -0.184 . -0.1 .0004
TS-GARCH (1,1) " Alfccgl()agw) 09323136 8.88(1)? 092072363 8.8888
GARCH(p) 1.0605 0.0023 1.0102 0.0016
Persistence 1.3848 1.2128
Log-Likelihood -355364.7 -379626.4
AIC 710737.4 759260.7
BIC 710757 759280.4
FX
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Figure 2: Plot of Foreign Exchange Returns

The high value of 8 as produced by the TS-GARCH(1,1) under the distributions considered indicates that
shocks to the conditional variance are persistent while high value of a like in the EGARCH(1,1) model
indicates that volatility adjusts quickly to changes in the market. The significance of a depicted by TS-
GARCH(1,1) models appears to show the presence of volatility clustering in the models. Also, conditional
volatility for these models tends to rise (fall) when the absolute value of the standardized residuals is large
(smaller).

The estimated persistence coefficient (a + 3) for the GARCH and TS-GARCH for all the return time series
is such that if the sum is less than 1, as observed in the GARCH(1,1), shows persistent volatility in the
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model and is required to have a mean-reverting process, that returns eventually move back toward the mean
or average over time, otherwise, if the sum is greater than 1, as in the TS-GARCH(1,1), it indicates that
shocks to volatility are very high and will remain high as the variances are not stationary under the models.

Using the model selection criteria, the best volatility model for the return series is observed to be the TS-
GARCH(1,1) with GTD, because it has a minimum value for the selection criteria when compared to other
models under the GTD followed by the GARCH(1,1) model. The plot of the foreign exchange returns is
presented in Figure 2.

5.0 Discussion and Conclusion

This study focused on modeling volatility with the applicability of first-order GARCH family models, that
is, GARCH(1,1), TS-GARCH(1,1) — a fat tail alongside the generalized t-distribution for error innovation,
as well as the normal distribution for performance comparison.

Using the daily data of the Naira/Dollar exchange rate to model the volatility of exchange rate returns, the
GARCH (1,1), TS-GARCH (1,1) with generalized t-error distribution produced better estimates when
compared to the corresponding estimates produced by the respective models with the normal distribution.
This conclusion made is based on the value of the Information Criterion used in the study.

Overall, the TS-GARCH (1,1) model with the generalized t-error distribution is identified as the best
performing model given that its information Criterion is the smallest when compared to the other models.
In essence, this model will capture all the necessary stylize facts (common features) of the financial data,
such as persistent, volatility clustering and asymmetric effects.
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